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ABSTRACT 

The previous papers in the series have provided a theoretical 

framework for the Galerkin and least squares solution of first order 

elliptic systems. 

piecewise polynomial approximation spaces were derived. 

mates were available only under certain conditions on the approximating 

spaces. The purpose of this paper is to illustrate the theory of the 

previous papers by providing numerical examples and to furnish examples 

of grids which do and do not satisfy the above conditions necessary for 

optimal convergence. 

In particular, optimal order error estimates for 

These esti- 
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I. I n t r o d u c t i o n  

The f i r s t  two papers  i n  t h i s  series developed an  a b s t r a c t  t h e o r y  f o r  

t h e  approximation of e l l i p t i c  boundary v a l u e  problems u s i n g  mixed varia- 

t i o n a l  p r i n c i p l e s .  It w a s  shown t h a t  op t imal  approximations w i l l  r e s u l t  

if and only  i f  a g r i d  decomposition p r o p e r t y  ( h e r e a f t e r  G.D.P.) he ld .  

T h i s  paper  r e p o r t s  numerical  r e s u l t s  v e r i f y i n g  t h e  theory .  

An i n t e r e s t i n g  f e a t u r e  of G.D.P. i s  t h a t  i ts  v a l i d i t y  r e q u i r e s  

c o n d i t i o n s  on t h e  g r i d s  e n t e r i n g  i n t o  t h e  d e f i n i t i o n  of f i n i t e  element 

spaces .  

g r i d s  which s a t i s f y  G.D.P. and g r i d s  which do n o t .  For example, i n  t h e  

A secondary purpose of t h i s  paper  i s  t o  f u r n i s h  examples of 

case of second o r d e r  e l l i p t i c  problems where l i n e a r  e lements  are used,  

w e  prove t h a t  t h e  " c r i s s - c r o s s  gr id"  ( s e e  F i g u r e  2-2b) does s a t i s f y  t h e  

G.D.P.  

11. Numerical R e s u l t s  f o r  t h e  Least  Squares  P r i n c i p l e  

I n  t h i s  s e c t i o n  w e  r e p o r t  the r e s u l t s  of computat ions which i l l u s t r a t e  

t h e  least squares  method d iscussed  i n  [2 ] .  

t h e  e s s e n t i a l  r o l e  played by t h e  G.D.P. 

advantages  t h a t  t h e  least  squares  method p o s s e s s e s  over  t h e  use  of e i t h e r  

t h e  D i r i c h l e t  o r  Kelvin v a r i a t i o n a l  p r i n c i p l e s .  

These r e s u l t s  g i v e  evidence of 

Furthermore,  t h e y  p o i n t  o u t  c e r t a i n  



All t h e  examples d e a l  w i t h  t h e  Helmholtz e q u a t i o n  

i n  t h e  u n i t  square.  An e q u i v a l e n t  f i r s t  o r d e r  system i s  given by 

2 d i v  u + k $J = F(x ,y)  (2) - 

and 

u - grad 4 = 0 (3) - 

Three d i f f e r e n t  sets of boundary c o n d i t i o n s  w e r e  used;  t h e s e  are d e p i c t e d  

i n  F igure  2-1. 

used;  t h e s e  a r e  i l l u s t r a t e d  i n  F igure  2-2. The g r i d s  of F igure  2-2a and 

2-2b l e a d  to  two d i f f e r e n t  p iecewise  l i n e a r  f i n i t e  element spaces ,  w h i l e  

t h e  g r i d  of F igure  2-2c l e a d s  t o  a p iecewise  b i l i n e a r  f i n i t e  element space.  

In  c o n j u n c t i o n  w i t h  t h e s e  d a t a ,  t h r e e  d i f f e r e n t  g r i d s  w e r e  

Sampie computat ional  r e s u l t s  are p r e s e n t e d  i n  F i g u r e s  2-3 t o  2-6. 

e r r o r  of t h e  approximate s o l u t i o n  f o r  t h e  F igure  2-3 d i s p l a y s  t h e  L2 

components u and v of grad $I. The exact s o l u t i o n  i s  $I = s i n ( x - y ) .  

Both t h e  D i r i c h l e t  and Neumann problems f o r  ( 2 )  - (3) were computed f o r  

t h e  t h r e e  g r i d s  of F i g u r e  2-2 w i t h  k = 112. In t h e s e  cases, u and v 

have i d e n t i c a l  e r r o r s .  Next t h e  mixed d a t a  case of F i g u r e  2-lc w a s  cons idered .  

In t h i s  case,  t h e  exact s o l u t i o n  of t h e  problem i s  g iven  by 

$I = cos  (.y) cos  [ r n ( l - X  ,I /cos( m ) . 

Figure  2-4 displ-ays t h e  L2 e r r o r s  i n  u and v f o r  t h e  ” d i r e c t i o n a l ”  

and “ c r i s s - c r o s s ”  g r i d s ,  a g a i n  w i t h  k = 1/2. For t h e  “ c r i s s - c r o s s l ’  g r i d ,  

r e s u l t s  a r e  a l s o  given f o r  k = 7 1 4  i n  which case (l), o r  e q u i v a l e n t l y  



(2) - ( 3 ) ,  is i n d e f i n i t e .  In a l l  t h e  above examples, t h e  approximating 

spaces  w e r e  c o n s t r a i n e d  t o  s a t i s f y  t h e  a p p r o p r i a t e  e s s e n t i a l  boundary 

c o n d i t i o n s .  An a l t e r n a t i v e  approach i s  t o  leave t h e  approximating s p a c e s  

uncons t ra ined ,  and i n s t e a d  inc lude  t h e  e s s e n t i a l  boundary c o n d i t i o n s  i n  

t h e  v a r i a t i o n a l  p r i n c i p l e  [ 3 ] .  

l a t t e r  approach, u s i n g  t h e  "cr iss-cross"  g r i d  f o r  b o t h  k = 1 1 2  and 7 1 4 .  

F i g u r e  2-5 d i s p l a y s  t h e  L2 e r r o r s  i n  

w i t h  k = 1 / 2  and 7 1 4  and using b o t h  methods of imposing t h e  boundary 

c o n d i t i o n s  on t h e  approximate s o l u t i o n .  F i n a l l y ,  i n  F i g u r e  2 - 6 ,  r e s u l t s  

f o r  o t h e r  examples u s i n g  t h e  "cr i ss -c ross"  g r i d  are  p r e s e n t e d .  For con- 

t r a s t ,  one r e s u l t  i s  g iven  us ing  t h e  " d i r e c t i o n a l "  g r i d .  

F igure  2-4 a l s o  d i s p l a y s  r e s u l t s  f o r  t h e  

4 u s i n g  t h e  "cr i ss -c ross"  g r i d  

The r e s u l t s  of t h e s e  and o ther  computat ions may b e  summarized as 

fo l lows .  For a l l  problems considered,  t h e  I 'cr iss-cross"  g r i d  y i e l d e d  a 

second o r d e r  rate of convergence f o r  t h e  approximations t o  4 ,  u and V. 

Although t h e  " d i r e c t i o n a l "  and b i l i n e a r  g r i d s  g e n e r a l l y  y i e l d e d  a second 

o r d e r  rate of convergence f o r  t h e  approximations t o  

d i d  n o t  a c h i e v e  such a rate f o r  u and v. These r e s u l t s  c l e a r l y  p o i n t  

o u t  t h e  c r u c i a l  r o l e  t h e  choice  of g r i d  p l a y s  i n  a c h i e v i n g  an optimum 

rate of convergence of t h e  approximations t o  E. Furthermore,  a t  l eas t  

f o r  u and v, t h e  "cr i ss -c ross"  g r i d  c o n s i s t e n t l y  y i e l d e d  smaller v a l u e s  

f o r  t h e  L e r r o r s ,  even a t  moderately l a r g e  v a l u e s  of t h e  g r i d  s i z e .  It 

i s  shown i n  S e c t i o n  4 ,  which dea ls  wi th  t h e  G.D.P., t h a t  t h e  "cr i ss -c ross"  

g r i d  s a t i s f i e s  t h i s  p r o p e r t y .  

4,  t h e y  g e n e r a l l y  

2 

Unlike t h e  D i r i c h l e t  o r  Kelvin p r i n c i p l e s ,  t h e  least  s q u a r e s  p r i n c i p l e  

a l l o w s  t h e  use  of similar spaces  f o r  approximating t h e  s c a l a r  

t o r  - u. 

t h e  approximation t o  @ be formed as t h e  d ivergence  of t h e  elements  of t h e  

s p a c e  i n  which one s e e k s  approximations t o  [ l ] .  Analogously,  t h e  

4 and vec- 

The Kelvin p r i n c i p l e  r e q u i r e s  t h a t  t h e  space  i n  which one s e e k s  

- 3- 



Dirichlet principle implicitly requires that the space in which one seeks 

approximations to 

scalar approximating space. 

ty of using, for instance, continuous piecewise linear finite element spaces 

for both I$ and 2. Therefore one cannot, in general, simultaneously 

achieve second order accuracy in the approximations to 4 and 2. The least 

squares principle does not require any such inclusion property and one may 

choose piecewise linear spaces for the approximations to Q and - u. There- 

fore as is shown in [ 2 ]  and illustrated in the examples of this section, one 

may achieve second order accuracy in both the approximations to 4 and 1. 

Of course, actually achieving the second order accuracy in approximations to 

- u requires that the grid be chosen so that the G.D.P. be satisfied. This 

fact was proved in [ 2 ] .  The optimal accuracy of approximations to 4 ,  how- 

ever, is independent of this grid requirement. 

2 be composed of the gradient of the elements of the 

Thus, these two principles excluded the possibili- 

A final comment on the least squares method concerns the fact that the 

matrix system resulting from the discretization is symmetric and positive 

definite. These desirable matrix properties remain valid even if the problems 

associated with (1) or (2 ) - (3 )  are indefinite, e.g. k2 in (1) or (2 ) - (3 )  is 

larger than the magnitude of the smallest (in modulus) eigenvalue of the 

Laplacian operator. 

principles. Thus, even for indefinite problems, the least squares method 

allows for the use of standard iterative techniques for the solution of the 

associated matrix problem. In fact, insofar as the properties of the least 

squares method discussed in [ 2 ]  and in this paper are concerned, the method 

is insensitive to the value of k except, of course, for the near singular 

cases where k2 approaches an eigenvalue of the Laplacian operator. Further- 

more, the least squares method of [ 2 ]  results in a matrix which has a zero- 

nonzero structure identical to that of the matrix obtained by using the Kelvin 

principle with an identical choice of approximation spaces. 

The same will not be true for the Dirichlet or Kelvin 

-4-  



111. Numerical R e s u l t s  f o r  t h e  Kelvin P r i n c i p l e  

I n  t h i s  s e c t i o n  we b r i e f l y  r e p o r t  t h e  r e s u l t s  of computations based 

These r e s u l t s  g i v e  f u r t h e r  on t h e  Kelvin p r i n c i p l e  d iscussed  i n  [ l ] .  

evidence of t h e  e s s e n t i a l  r o l e  played by t h e  G.D.P. The examples of t h i s  

s e c t i o n  d e a l  wi th  t h e  Poisson equation [(I) of s e c t i o n  2 w i t h  k = 01. 

An e q u i v a l e n t  f i r s t  o r d e r  system is  given by (2)-(3)  of s e c t i o n  2 w i t h  

k = 0. 

W e  f i r s t  c o n s i d e r  r e s u l t s  f o r  t h e  mixed d a t a  problems d e p i c t e d  i n  

F igure  2-lc u s i n g  t h e  " d i r e c t i o n a l "  g r i d  i l l u s t r a t e d  i n  F i g u r e  2-2a. 

The p a r t i c u l a r  problem considered h a s  an e x a c t  s o l u t i o n  given by 

4 = s i n ( ~ x / 2 ) c o s ( ~ y )  . 

F i g u r e  3-1 d i s p l a y s  t h e  L2 error of t h e  approximate s o l u t i o n  f o r  4 

and t h e  components u and v of - u = grad  4.  The f i g u r e  i n d i c a t e s  

t h a t  t h e  L2 e r r o r s  i n  u and v remains roughly c o n s t a n t  and t h e  

L2 e r r o r  i n  4 grows l i n e a r l y  a s  t h e  s i z e  of t h e  g r i d  i s  reduced. 

We recal l  from [l] t h a t  t h e  G.D.P. is  necessary  and s u f f i c i e n t  f o r  t h e  

s t a b i l i t y  of t h e  Kelvin approximation. The r e s u l t s  shown i n  F i g u r e  3-1 

i n d i c a t e  t h a t  t h e  "constant"  

G.D.P. i n  f a c t  grows l i k e  h-2, where h is  a measure of t h e  g r i d  s i z e .  

As a r e s u l t ,  a l l  accuracy i n  t h e  approximation t o  y is l o s t ,  and t h e  

approximation i n  + a c t u a l l y  becomes unbounded. These r e s u l t s ,  and 

t h o s e  below concerning t h e  c r i s s - c r o s s  g r i d  g i v e  f u r t h e r  ev idence  of 

t h e  importance of t h e  G.D.P. 

CG appear ing  i n  t h e  d e f i n i t i o n  of t h e  

The d i r e c t i o n a l  g r i d  used t o  g e n e r a t e  t h e  r e s u l t s  of F igure  3-1 does 

n o t  s a t i s f y  t h e  G.D.P.. However, Lemma 1 of [ l ]  i s  independent of t h i s  

p r o p e r t y  of t h e  g r i d .  I n  the  context  of t h e  d i r e c t i o n a l  g r i d ,  t h a t  

-5- 



lemma shows t h a t  t h e  d ivergence  of t h e  e r r o r  i n  t h e  approximation t o  

should be  O(h). 

d ivergence  is graphed as a f u n c t i o n  of 

t h e  divergence of t h e  e r r o r  i n  2 is indeed O(h) even though t h e  e r r o r  

i n  i tself  i s  O ( 1 ) .  

2 

T h i s  r e s u l t  i s  confirmed i n  F igu re  3-1 where t h a t  

h.  A s  i s  e v i d e n t  from t h e  f i g u r e ,  

W e  now cons ide r  r e s u l t s  u s i n g  t h e  "c r i s s - c ros s"  g r i d  i l l u s t r a t e d  i n  

F igu re  2-2b. F i g u r e  3-2 d i s p l a y s  t h e  L2 e r r o r s  of t h e  approximate so lu -  

t i o n s  f o r  u and v. R e s u l t s  are g iven  f o r  t h e  mixed d a t a  problem w i t h  

e x a c t  s o l u t i o n  g iven  by (1) and f o r  a D i r i c h l e t  problem w i t h  exac t  s o l u t i o n  

4 = s i n ( n x ) s i n ( n y )  . 

The mixed data and D i r i c h l e t  problems were approximated u s i n g  an evenly  

spaced g r i d .  I n  a d d i t i o n ,  computat ions f o r  t h e  mixed d a t a  problem w e r e  

c a r r i e d  ou t  u s ing  a v a r i a b l e  g r i d  whose spac ing  is determined by choos ing  

an even spac ing  i n  a (S ,n)  c o o r d i n a t e  system, and then  l e t t i n g  

3 
and y = r l  

3 x = <  

Th i s  s t r e t c h i n g  h a s  t h e  e f f e c t  of accumula t ing  g r i d  p o i n t s  n e a r  

and y = 0. For  a l l  cases, t h e  computed ra te  of convergence, u s i n g  

c r i s s - c r o s s  g r i d s ,  i s  of second o r d e r .  

e s p e c i a l l y  when compared wi th  t h o s e  of F i g u r e  3-1 f o r  t h e  d i r e c t i o n a l  

g r i d ,  are l u c i d  ev idence  of t h e  n e c e s s i t y  of t h e  G.D.P. t o  t h e  achieve-  

ment of op t imal  o r d e r s  of accuracy.  

x = 0 

The r e s u l t s  shown i n  F i g u r e  3-2, 



I V .  Proof t h a t  t h e  Criss-Cross  Grid Sa t i s f ies  t h e  G.D.P. 

For s i m p l i c i t y  c o n s i d e r  t h e  D i r i c h l e t  problem f o r  t h e  uniform g r i d  

shown i n  F i g u r e  2-2b w i t h  $ = vh b e i n g  t h e  space  of 

p iecewise  l i n e a r  f u n c t i o n s .  To v e r i f y  t h a t  t h i s  g r i d  s a t i s f i e s  t h e  

G.D.P. w e  must show t h a t  t h e r e  i s  a p o s i t i v e  number 

IR2 - valued  

independent of  h f o r  which t h e  fo l lowing  holds .  Given any 

t h e r e  is  a v i n  vh f o r  which h 

h (3) d i v ( v  ) = f h  

and 

( 4 )  

The f i r s t  s t e p  is  t o  c o n s t r u c t  a l o c a l  b a s i s  f o r  vh. The v e r i f i c a t i o n  

w i l l  b e  completed by showing ( 3 ) - ( 4 )  h o l d s  f o r  each element 

b a s i s .  

f h  of t h i s  

S ince  vh c o n s i s t s  of piecewise l i n e a r  f u n c t i o n s  on t h e  g r i d  i n  

F i g u r e  2-2b, observe t h a t  (2) i m p l i e s  t h a t  each f h  i n  sh is  a p iece-  

w i s e  c o n s t a n t  f u n c t i o n .  What i s  i n t e r e s t i n g  is t h a t  Sh is  a strict 

subspace of t h e  space $h of a l l  p iecewise  c o n s t a n t  f u n c t i o n s  on t h e  

c r i s s - c r o s s  g r i d  in Figure  2-2b. 

de te rmining  when a f u n c t i o n  

Indeed, t h e  fo l lowing  g i v e s  a r u l e  f o r  

f h  i n  2’ i s  a c t u a l l y  i n  sh. 

is i n  Sh i f f  t h e  fo l lowing  ^h 
f h  Lemma 1: L e t  f h  b e  i n  S . Then 

h o l d s .  Given any r e c t a n g l e  R conta in ing  t r i a n g l e s  T T T T ( s e e  1’ 2’ 3’ 4 

-7- 



Figure 4-1) it is true that 

where f (T ) is the value of fh in T . h j  j 

The proof of Lemma 1 will follow from Lemma 2 stated and proved below. 

Note that since the dimension dim(?h) of Zh is equal to the number 

m of triangles in the grid, it follows from (5) that 

( 6 )  dimsh = 3m/4 . 

Moreover, a locally defined basis can be constructed as follows. For 

each rectangle R (see Figure 4-1) we associate three functions 

$,,$,,$, which vanish outside R. The piecewise constant function 

$i is uniquely determined in R by the requirement that it is identically 

1 in Ti U Ti+l and zero in the other two triangles in R. As R varies 

over all rectangles this process defines 3m/4 independent functions in 

Sh and hence the set of such functions is a basis for Sh. Interestingly, 

this basis is exactly the union of the basis for piecewise constant func- 

tions for the two directional grids shown in Figure 4-2. 

Lemma 1 follows as an easy consequence of our next Lemma, which in 
h effect relates the components of any E vh satisfying div(1) = f E s 

to the value of f. 

to first introduce a new coordinate system. 

of Figure 4-1 let ai and T~ denote the components of v(Pi) (1 5 i 4) 

along the diagonals, and let 5 ,  and q0 be the analogous components of 

- V(P,>. (See Figure 4-3.) Then the condition that div(v) = f in R con- 

strains only certain components of 

Before stating and proving this lema it is convenient 

For the generic rectangle R 

v. The coupling is shown in Figure 4-4, 

with the precise relations given in the following lemma. 

-8- 



Lemma 2. L e t  f be a piecewise c o n s t a n t  f u n c t i o n  on t h e  r e c t a n g l e  

R w i t h  6i denot ing t h e  v a l u e  of f on t h e  t r i a n g l e  Ti ( i  = 1 , 2 , 3 , 4 ) .  

Then t h e r e  is a cont inuous p2 valued f u n c t i o n  v which is  l i n e a r  i n  

each t r i a n g l e  Ti and which s a t i s f i e s  

- 

div(v)  = f i n  R ( 7 )  - 

i f  and only  i f  

(5") 61 + 6 3  = 62  + 64  . 

Assuming t h e  t r u t h  of Lemma 2 ,  t h e  r o t a t e d  c o o r d i n a t e s  (ut,Ti) o f  

- v a t  t h e  p o i n t  Pi (i = 1 , 2 , 3 , 4 )  s a t i s f y  

CT = a3 + T - T + ( 6 1 + 6 2 ) h / f i  . 1 2 4  (8) 

I n  a d d i t i o n ,  t h e  ( r o t a t e d )  coord ina tes  (<,,no) of - v(P,) s a t i s f y  

Conversely,  i f  (5')~ (8)-(10) hold,  t h e n  so does ( 7 ) .  

L e t  u s  momentarily postpone t h e  proof  of  Lemma 2 and t u r n  t o  our  

b a s i c  problem of v e r i f y i n g  t h e  G.D.P. F i r s t ,  observe  t h a t  i t  is s u f f i c i e n t  

t o  v e r i f y  ( 4 )  f o r  t h e  case where 

b a s i s .  To estimate 

f h  = J I ,  an  a r b i t r a r y  member of t h e  l o c a l  

-1 
II J, II 

we s o l v e  t h e  D i r i c h l e t  problem 

(12) A@ = J, i n  !2 9 $ = O  on r 

-9- 



Then (11) i s  equal  t o  11 V ( $  \ I o .  Thus, i f  G(x,y) deno tes  t h e  Green ' s  

f u n c t i o n  f o r  t h i s  problem, w e  have 

But $ is equal t o  ze ro  except  on two t r i a n g l e s ,  c a l l  them T1 and T2 ,  

where $ is i d e n t i c a l l y  1. Hence 

and so 

It fo l lows  t h a t  

f o r  some p o s i t i v e  c o n s t a n t  C1 independent  of I/J and h. Our t a s k  

i s  t h e r e f o r e  t o  f i n d  a p iecewise  l i n e a r  1 such t h a t  

f o r  some p o s i t i v e  c o n s t a n t  C 2  independent  of v, $ and h.  I f  t h i s  

ho lds  t h e  CG can be any number g r e a t e r  o r  equa l  t o  C2/C1. 

s a t i s f y i n g  ( 1 3 ) .  

Moreover, as w e  s h a l l  see momentarily a l l  w i l l  have noda l  v a l u e s  of o r d e r  

A s  i s  evident  from Lemma 2 t h e r e  are many 1 E 1 



O(h) near the triangles T1 and T2 where J, is 1. However, the 

crucial step in our construction is to show 

its nodal values decrease exponentially as we move away from 

(roughly by a factor of two for each mesh spacing). 

(14). Interestingly, the exponential decay does not occur for either of 

the directional grids in Figure 4-2. 

Suppose J, 

zero elsewhere. 

as shown in this Figure, and let 

1 can be chosen such that 

T1 ” T2 
This property yields 

is 1 in the shaded triangles shown in Figure 4-5 and is 

For simplicity we order the vertices of the subrectangles 

denote the rotated coordinates U,T of v at the (i.,j) node. In addition, 

we let 

- 

h n cij = Sij hldy , nij = ?Iij hlfi 

denote the coordinates of - v at the midpoints (see Figure 4-6). 

The couplings between (15)-(16) are given in Lemma 2. In particular, 

for the rectangle containing the shaded triangles we have from (8) (with 

61 = 64 = 1) 

(19) 

n n n 
- T  + 1  01 Oll = O00 + 5 0  

n n n h 

2c,, = 2011 - Tl0 + TOl - 1 

- 
2n11 - ‘10 + Tol - 

For all other values of (i,j) we have 

I\ n h 

-‘I - h 

‘i+l,j+l - ‘ij + ‘i+l,j i,j+l 

-11- 



F i r s t  we se t  

h A A A 

ai j ,  TijY Sij’ ‘ij 

t o  ze ro  whenever e i t h e r  i o r  j are nega t ive .  Observe from t h e  above 

t h a t  

< ,n  
r e c u r r e n c e  r e l a t i o n s  f o r  oi+l,j+l a long  t h e  l i n e s  

A h  

U,T  can be computed from (17) and (20) independent ly  of t h e  v a l u e s  
A h  

a t  t h e  midpoints  of t h e  r e c t a n g l e s .  Moreover, (17 ) ,  (20) d e f i n e  
h 

(23)  i - j = c o n s t a n t  

h A The i d e a  i s  t o  s e l e c t  T~~ such t h a t  aij dec reases  by a f a c t o r  of t w o  

as w e  move a long  (23)  f o r  i n c r e a s i n g  Indeed,  t h e  s o l u t i o n  which has  

t h i s  property is i l l u s t r a t e d  i n  F igu re  4-7 and i s  de f ined  as fo l lows .  

i. 

Along t h e  l i n e  

A 2-i+l 
‘ij 

component T i j  is  cons tan t  i n  magnitude a long  t h e  l i n e s  

is  equal t o  f o r  i 2 - 1. It is  ze ro  f o r  i 9 j . The or thogonal  
A 

(25) i + j = c o n s t a n t .  

h When i + j is even, T i j  is zero .  When i t  is odd, s ay  

i + j = 2k-1 , (26) 

then  



t h e  p l u s  s i g n  belonging t o  p o i n t s  where 

belonging t o  p o i n t s  where j < i. 

j > i and t h e  minus s i g n  

h A 

Indeed,  It is  n o t  necessary  t o  work o u t  t h e  v a l u e s  of sij, n i j .  
i t  i s  clear from (21)-(22) t h a t  t h e s e  a l s o  d e c r e a s e  e x p o n e n t i a l l y  as 

w e  move sway from t h e  node 

t h e  1 E vh 
(0,O). 

s a t i s f y i n g  (13)-(14). 

This  completes our  c o n s t r u c t i o n  of 

It remains t o  prove Lemma 2, and t o  do t h i s  w e  u s e  t h e  r e l a t i o n  

where T is  any t r i a n g l e  and - v is  t h e  o u t e r  normal t o  T. S i n c e  1 

i s  p iecewise  l i n e a r  (28) reduces t o  

3 
h d i v ( v )  = 1 (v*u) (mi) , 

i= 1 

where ml, m2, m3 are  t h e  midpoints of t h e  t h r e e  s i d e s  of T. Suppose 

w e  are g iven  t h e  g e n e r i c  r e c t a n g l e  R ( s e e  F igure  4-4) w i t h  6i b e i n g  

t h e  v a l u e  of f = d i v ( v )  - i n  Ti. Moreover, l e t  (Ui,Ti), ( ~ o , n o )  b e  

t h e  ( r o t a t e d )  c o o r d i n a t e s  of  v(Pi) as i n  F igure  4-3. Then apply ing  (29) 

t o  T1 g i v e s  

S i m i l a r  a p p l i c a t i o n s  t o  T2, T3, and T4 g i v e  

-13- 



It follows that 

( 3 4 )  61 + 6 3  = 6, + 6 4  

is necessary and sufficient for these two equations to have a solution. 

Moreover, if ( 3 4 )  holds then ( 3 0 ) - ( 3 3 )  can be recombined as (8)-(10). 
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Figure 2-1. Different boundary value specifications used in 

numerical examples. Symbols indicate variable 

specified on corresponding section of boundary. 
a) Dirichlet data; b) Neumann data; 

c) Mixed data. 



Figure 2-2. Grids used in numerical examples. a) "Directional" 

triangulation; b) "Criss-cross" triangulation; 

c) Bilinear quadrilaterals. ' 
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constrained spaces. 
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Figure 3-2. L2 error i n  the  Kelvin approximation to u = &$/ax and 

v = &$lay using the criss-cross grid. (a,c,d) displays u; 

(b,c,e) displays v .  
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Figure  4-1. The g e n e r i c  r e c t a n g l e  R. 



... 

Figure 4-2. Directional grids. 
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Figure 4 - 3 .  Rotated coordinates. 
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Figure 4-4. Couplings induced by the divergence condition (3). 
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Figure 4-5. Support of t h e  function JI (shaded a r e a ) .  



Figure  4-6. Coordinate  l a b e l s .  
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Figure 4 - 7 .  Nonzero values of 0 and T 
ij ij' 


